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A Potential Field Approach Based Trajectory
Control for Autonomous Electric Vehicles with
In-wheel Motors
Boyuan Li, Haiping Du, Member, IEEE and Weihua Li, Member, IEEE

Abstract—The studies on the autonomous electric vehicle are
quite attractive due to the less human induced error and the
improved safety in recent years. Extensive research has been done
on the autonomous steering control of the mobile robot, but the
study on the on-road autonomous electric vehicle is still limited.
This study proposes a potential field method to achieve the
trajectory control of the autonomous electric vehicle with in-wheel
motors. Instead of strictly following a desired path, this method
can form a steering corridor with a desired tracking error
tolerance and the vehicle can be steered smoothly with smaller
control effort. In this paper, the innovative potential filed function
is presented first to determine the desired vehicle yaw angle. Then
according to this desired yaw angle, a two-level trajectory
controller is proposed to achieve the trajectory control.
Simulation results are shown to prove that this suggested
trajectory controller can successfully control the vehicle to move
within the desired road boundary and improve the handling and
stability performance of the vehicle.
Index Terms—Autonomous vehicle control, vehicle dynamics,
potential field method, four-wheel independent steering,
four-wheel independent driving.

𝑚
𝐼𝑧
𝑙𝑓
𝑙𝑟
𝑏𝑓
𝑏𝑟
𝐹𝑥𝑖
𝐹𝑦𝑖
𝐹𝑠𝑖
𝐹𝑡𝑖
𝛿𝑖
𝐹𝑧𝑖

NOMENCLATURE
Vehicle mass
Vehicle moment of inertial
Front wheel base
Rear wheel base
Front track width
Rear track width
Longitudinal tyre force of individual wheel
Lateral tyre force of individual wheel
Tyre side force of individual wheel
Tyre traction or brake force of individual wheel
Steering angle of individual wheel
Vertical load of individual wheel
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𝑢𝑖
Vehicle velocity component in the wheel plane of
individual wheel
𝛼𝑖
Lateral side-slip angle of individual wheel
𝑠𝑖
Longitudinal slip ratio of individual wheel
𝑇𝑖
Traction or brake torque of individual wheel
𝜔𝑖
Wheel angular velocity of individual wheel
𝑖
Corresponding to the front left, front right, rear left and
rear right wheel (= 𝑓𝑙, 𝑓𝑟, 𝑟𝑙, 𝑟𝑟)
𝑋
Vehicle longitudinal position in the global coordinate
system
𝑌
Vehicle lateral position in the global coordinate system
𝑌𝑢𝑏 Lateral position of the upper boundary in the global
coordinate system
𝑌𝑙𝑏
Lateral position of the lower boundary in the global
coordinate system
𝑣𝑥
Longitudinal velocity of vehicle
𝑣𝑥𝑑 Desired longitudinal velocity of vehicle
𝑣̃𝑥
Longitudinal velocity error in the global coordinate
system
𝑣𝑦
Lateral velocity of vehicle
𝑣𝑦𝑑−𝑔 Desired vehicle lateral velocity of the central line of the
desired trajectory in the global coordinate system
𝑟
Yaw rate of the vehicle
𝜑
Yaw angle of the vehicle
𝜑̃
Yaw angle error
𝜑𝑑
Desired yaw angle
𝜑𝑎𝑐𝑡 Vehicle actual yaw angle
𝑔
Acceleration gravity
ℎ
Height of vehicle centre of gravity above the ground
𝜇
Tyre-road friction coefficient
𝐶𝛼
Tyre lateral cornering stiffness
𝐶𝑠
Tyre longitudinal cornering stiffness
𝜀𝑟
Constant value in Dugoff tyre model
𝑅𝜔
Vehicle wheel radius
𝐼𝜔
Wheel moment of inertial
𝑈𝑎𝑡𝑡 Attractive potential
𝑈𝑟𝑒𝑝 Repulsive potential
𝑈𝑠
Potential function that minimize the yaw angle rate
𝛼0
Scaling factor of optimization problem
𝛼𝑣
Scaling factor of optimization problem
𝑏1
Scaling factor of optimization problem
𝑏2
Scaling factor of optimization problem
𝑐
Scaling factor of optimization problem
𝑒̃𝑦
Lateral position error in the global coordinate system
𝑀𝑧
Vehicle yaw moment
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I. INTRODUCTION

N

owadays, intensive research has been done into
autonomous vehicles [1-4]. The ultimate goal of
automated driving is to reduce accidents caused by human error
and improve safety. In addition, full automation can
significantly improve the road capacity and diminish air
pollution because of a more efficient use of fuel [5]. For the
autonomous vehicle, the human controlled steering system is
replaced by the autonomous steering control system and
consequently the automated steering control is the core part of
the autonomous vehicle system.
In the area of advanced robotics, the desired trajectory is
determined at first and the steering system of the robotic is
controlled so that the robot will follow the desired trajectory
exactly at every time step [6][7]. For the robotic control, this
steering control approach is reasonable since the robotic has
high mobility and the moving velocity is relatively low in the
in-door condition. For the steering control of on-road vehicle,
however, this kind of approaches need large amount of control
effort and the actual steering angle will oscillate abruptly due to
the limitation of the vehicle mobility. The other control
performance such as smoothness of the vehicle motion would
also be hard to achieve.
In addition to the direct trajectory tracking method, the
potential field method is also quite attracting in the research
area of the autonomous steering control of mobile robotic. The
steering control method based on the potential fields can form a
steering corridor with a desired tracking error tolerance and the
vehicle can be steered smoothly with smaller control effort
compared with the direct trajectory tracking method. The total
potential normally includes the attractive potential to reach the
desired position and repulsive potential to avoid the obstacle.
Jaradat et al. utilised the fuzzy model and TSK model to
develop the total attractive and repulsive potential force applied
on the autonomous mobile robot [8]. Khatib presented an
unique real-time obstacle avoidance approach for the mobile
robot based on the artificial potential field method [9]. In
addition, Pan et al. used the fuzzy controller to improve the
artificial potential field method and safeguarded the reliability
of the path planning and path smoothness [10]. Ge and Cui
proposed the dynamic motion planning method for the mobile
robot where the target and obstacle are moving by using the
potential field method [11].
The potential field method is advantageous to control the
vehicle to follow a more smooth trajectory and to decrease the
total control effect compared with the strictly trajectory
following method. Thus, the potential field method is quite
attractive for the autonomous control of the on-road electric
vehicle with limited mobility and high velocity. The above
papers about the potential field method, however, are mainly
focused on the mobile robot and the virtual longitudinal and
lateral control forces are required to achieve the control
trajectory. In the area of the on-road vehicle, the longitudinal
motion, lateral motion and yaw motion are highly coupled and
only tracking the virtual forces can hardly achieve the desired
trajectory.
One possible way to control the trajectory of the on-road
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vehicle is to achieve the desired yaw angle instead of the
tracking of the virtual forces or the desired position. Park and
Gerdes proposed the trajectory control method by tracking the
desired yaw angle based on the on-road vehicle dynamics
model. Then, according to the desired vehicle motion, the
actual actuators are allocated by equally using the friction
capability of each tyre [12]. However, the yaw angle depends
on time, and the desired road trajectory and road boundary
depend on positions. In order to achieve the desired trajectory
by using the yaw angle control, the time-dependent real-time
vehicle states should be transferred into the position-dependent
desired trajectory and road boundary.
For traditional internal combust engine (ICE) vehicles, only
one steering control input and one driving input are used to
achieve multiple control targets, and this limits control
performance. With the development of the innovative
technology of electric vehicles with in-wheel steering and
driving motors, four-wheel independent steering (4WIS) and
four-wheel independent driving (4WID) can be achieved
[13][14]. 4WIS-4WID vehicles have the advantages that the
number of the control actuators is 8 (four steering control
actuators and four driving control actuators). The large number
of control actuators can achieve the redundant control, which
means the number of the control actuators is larger than the
number of control targets and additional control targets can be
achieved. In addition, more control inputs are available for the
longitudinal and lateral motion control and the total control
workload can be minimised [15][16]. In the yaw angle based
trajectory control for the on-road vehicle, the optimisation of
the control workload of actuators is advantageous for the
vehicle overall handling and stability performance.
In this study, an innovative potential field method aiming to
achieve the vehicle trajectory control based on yaw angle
control is proposed. This potential filed method includes the
attractive potential function, repulsive potential function and
the yaw angle potential function that minimises the yaw angle
change rate. Instead of using the relative positions, this paper
uses the difference between the desired velocity and the actual
velocity to describe the attractive potential function since the
vehicle lateral velocity is directly related to the yaw angle. The
repulsive potential function is proposed to guarantee the actual
vehicle trajectory is constrained by the upper and lower
boundary. The vehicle dynamics motion is described by the
time-derivative equations and these equations should be
transferred into the position-dependent equations that describe
the vehicle actual trajectory to guarantee the satisfaction of the
road boundary. In addition, the yaw angle potential function is
suggested in this paper to minimise the yaw angle change rate
and improve the handling and stability of the vehicle. These
potential functions can be minimised to determine the real-time
desired yaw angle and longitudinal velocity. Then according to
the desired yaw angle and longitudinal velocity, a two-level
vehicle trajectory controller is suggested to track this desired
yaw angle and the desired trajectory. In the upper level, the
desired vehicle total longitudinal force, total lateral force and
yaw moment are determined according to the desired yaw angle
and desired longitudinal velocity. In the lower level, the
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controlled values of individual steering and driving actuator are
optimally allocated in the 4WIS-4WID electric vehicle to
achieve the desired total longitudinal force, lateral force and
yaw moment.
It is noted that in the literature, the eco-driving method is
extensively studied to minimise the fuel use of the ICE vehicle
or the electric power output of the electric vehicle. The target of
eco-driving is mainly achieved by developing an optimal
driving strategy subjected to the surrounding condition of the
vehicle and traffic flow. Bath and Boriboonsomsin proposed
the dynamic eco-driving strategy to provide the driver the
advised speed [17]. This eco-diving strategy took advantages of
real-time traffic sensing and telematics and included traffic
management system to monitor traffic speed, density and flow.
Sabbbohi and Farzaneh also developed an optimal driving
strategy and control approach to achieve the eco-driving [18].
The control objective is to minimise the fuel consumption and
CO2 emission, and not only the vehicle speed but also the
engine gear ratio are considered as the control variables. The
above studies about vehicle eco-driving focused on minimising
the fuel consumption by providing the desired speed or gear
ratio and have shown great improvement in the
energy-efficiency, but the actual vehicle motion control for the
autonomous vehicle to achieve these optimisation targets is less
focused. The proposed potential field method in this study,
however, can minimise the yaw rate and smooth the actual
vehicle trajectory for autonomous vehicle. In addition, the
vehicle motion controller based on the 4WIS-4WID vehicle
model is designed to achieve this smooth vehicle trajectory.
The main contributions of this study can be summarised as
follows: 1) an innovative yaw-angle based potential field
function is proposed to achieve the desired road trajectory
within certain road boundary and minimise the yaw angle
change rate. 2) a two-level vehicle dynamics trajectory
controller is proposed to optimally distribute the individual
control actuator.
The structure of this paper is organised as follows: first, the
four-wheel vehicle dynamics model is introduced and
described in Section 2. Then, the proposed potential field
method is suggested in Section 3. The upper level controller
and the lower level controller of the suggested vehicle
trajectory controller are presented in Section 4 and Section 5,
respectively. After that, simulations are carried out to verify the
effectiveness of the innovative controller in Section 6. Section
7 concludes the paper.
II. VEHICLE DYNAMICS MODEL
In this paper, a 4WIS/4WID vehicle model is utilised to
describe the dynamics motion of the electric vehicle with
in-wheel steering and driving motors [19][20]. This model
simulates the conditions of a real vehicle, and is used to validate
the performance of the proposed trajectory control method.
The equations of motion of this model are described as
follows:
Longitudinal motion:
𝑚𝑣̇𝑥 = 𝑚𝑣𝑦 𝑟 + (𝐹𝑥𝑓𝑙 + 𝐹𝑥𝑓𝑟 + 𝐹𝑥𝑟𝑙 + 𝐹𝑥𝑟𝑟 )
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(1a)

Lateral motion:
𝑚𝑣̇𝑦 = −𝑚𝑣𝑥 𝑟 + (𝐹𝑦𝑓𝑙 + 𝐹𝑦𝑓𝑟 + 𝐹𝑦𝑟𝑙 + 𝐹𝑦𝑟𝑟 )
(1b)
Yaw motion:
𝐼𝑧 𝑟̇ = 𝑙𝑓 (𝐹𝑦𝑓𝑙 + 𝐹𝑦𝑓𝑟 ) − 𝑙𝑟 (𝐹𝑦𝑟𝑙 + 𝐹𝑦𝑟𝑟 ) +
+

𝑏𝑟
(𝐹 − 𝐹𝑥𝑟𝑟 )
2 𝑥𝑟𝑙

𝑏𝑓
(𝐹 − 𝐹𝑥𝑓𝑟 )
2 𝑥𝑓𝑙

(1c)
The tyre traction or brake force and side force are defined as
𝐹𝑡𝑖 and 𝐹𝑠𝑖 , respectively, which can be related to the
longitudinal and the lateral tyre forces by the steering angle 𝛿𝑖
as follows:
𝐹𝑥𝑖 = 𝐹𝑡𝑖 cos 𝛿𝑖 − 𝐹𝑠𝑖 sin 𝛿𝑖
𝐹𝑦𝑖 = 𝐹𝑡𝑖 sin 𝛿𝑖 + 𝐹𝑠𝑖 cos 𝛿𝑖
(2)
where 𝑖 = 𝑓𝑙, 𝑓𝑟, 𝑟𝑙, 𝑟𝑟, which represents the front left, front
right, rear left and rear right wheel, respectively.
𝐹𝑧𝑖 is the vertical load of each wheel, which can be calculated
as follows [21]:
𝑚
1
1
𝑙𝑟
𝐹𝑧𝑓𝑙 =
( 𝑔𝑙 − 𝑣̇ ℎ − 𝑣̇𝑦 ℎ)
𝑙𝑓 + 𝑙𝑟 2 𝑟 2 𝑥
𝑏𝑓
𝑚
1
1
𝑙𝑟
𝐹𝑧𝑓𝑟 =
( 𝑔𝑙 − 𝑣̇ ℎ + 𝑣̇𝑦 ℎ)
𝑙𝑓 + 𝑙𝑟 2 𝑟 2 𝑥
𝑏𝑓
𝑙𝑓
𝑚
1
1
𝐹𝑧𝑟𝑙 =
( 𝑔𝑙 + 𝑣̇ ℎ − 𝑣̇𝑦 ℎ)
𝑙𝑓 + 𝑙𝑟 2 𝑓 2 𝑥
𝑏𝑟
𝑙𝑓
𝑚
1
1
𝐹𝑧𝑟𝑙 =
( 𝑔𝑙𝑓 + 𝑣̇𝑥 ℎ + 𝑣̇𝑦 ℎ)
𝑙𝑓 + 𝑙𝑟 2
2
𝑏𝑟
(3)
where ℎ is the height of the vehicle CG above the ground. It
should be noted that the load transfer effect is important during
the overtaking scenario because the high velocity may lead to
the serious load transfer effect when turning. This may
compromise the vehicle dynamics stability.
The non-linear Dugoff tyre model is used in this paper [22],
and is described by:
𝜆𝑖 =

𝜇𝐹𝑧𝑖 [1 − 𝜀𝑟 𝑢𝑖 √𝑠𝑖2 + tan2 𝛼𝑖 ](1 − 𝑠𝑖 )
2√𝐶𝑠2 𝑠𝑖2 + 𝐶𝛼2 tan2 𝛼𝑖
𝜆 (2 − 𝜆𝑖 ) (𝜆𝑖 < 1)
𝑓(𝜆𝑖 ) = { 𝑖
(𝜆𝑖 > 1)
1
𝐶𝛼 tan 𝛼𝑖
𝐹𝑠𝑖 =
𝑓(𝜆𝑖 )
1 − 𝑠𝑖
𝐶𝑠 𝑠𝑖
𝐹𝑡𝑖 =
𝑓(𝜆𝑖 )
1 − 𝑠𝑖

(4)
𝑢𝑖 is the vehicle velocity component in the wheel plane which
is defined for each wheel as:
1
𝑢𝑓𝑙 = (𝑣𝑥 + 𝑏𝑓 𝑟) cos 𝛿𝑓𝑙 + (𝑣𝑦 + 𝑙𝑓 𝑟) sin 𝛿𝑓𝑙
2
1
𝑢𝑓𝑟 = (𝑣𝑥 − 𝑏𝑓 𝑟) cos 𝛿𝑓𝑟 + (𝑣𝑦 + 𝑙𝑓 𝑟) sin 𝛿𝑓𝑟
2
1
𝑢𝑟𝑙 = (𝑣𝑥 + 𝑏𝑟 𝑟) cos 𝛿𝑟𝑙 − (𝑙𝑟 𝑟 − 𝑣𝑦 ) sin 𝛿𝑟𝑙
2
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1
𝑢𝑟𝑙 = (𝑣𝑥 − 𝑏𝑟 𝑟) cos 𝛿𝑟𝑟 − (𝑙𝑟 𝑟 − 𝑣𝑦 ) sin 𝛿𝑟𝑟
2
(5)
The wheel rotation dynamics is described by the following
equation:
𝐼𝜔 𝜔̇ 𝑖 = −𝑅𝜔 𝐹𝑡𝑖 + 𝑇𝑖
(6)

III. POTENTIAL FIELD METHOD
In the autonomous vehicle steering control, the potential field
includes the component that guides the vehicle towards the
desired path and the obstacle potentials induced by the road
curb or other vehicles in the traffic. The total potential energy
function can be presented by the following equation:
𝑈 = 𝑈𝑎𝑡𝑡 + 𝑈𝑟𝑒𝑝 + 𝑈𝑠
(7)
where 𝑈𝑎𝑡𝑡 is the attractive potential that guides the vehicle
towards the desired path and 𝑈𝑟𝑒𝑝 is the repulsive potential that
guides the vehicle away from the obstacle. 𝑈𝑠 is the potential
function that minimise the yaw angle change rate, which can
improve the vehicle handling and stability performance:
2

𝑈𝑠 = 𝑐(𝜑(𝑘 + 1) − 𝜑(𝑘))
(8)
where 𝜑(𝑘) and 𝜑(𝑘 + 1) present the yaw angle in the 𝑘𝑡ℎ
time step and (𝑘 + 1)𝑡ℎ time step. 𝑐 is the scaling factor.
The attractive potential 𝑈𝑎𝑡𝑡 can be presented by (9)
according to [11]:
𝑈𝑎𝑡𝑡 = 𝛼𝑝 ‖𝑝𝑡𝑎𝑟 (𝑘) − 𝑝(𝑘)‖𝑟 + 𝛼𝑣 ‖𝑣𝑡𝑎𝑟 (𝑘) − 𝑣(𝑘)‖𝑛
(9)
where 𝑝(𝑘) and 𝑝𝑡𝑎𝑟 (𝑘) denote the position of the vehicle and
the desired path at time 𝑡. 𝑣𝑡𝑎𝑟 (𝑘) and 𝑣(𝑘) present the actual
velocity of the vehicle and the desired velocity of the trajectory
at time step 𝑘, which includes the longitudinal velocity and
lateral velocity. 𝛼𝑝 and 𝛼𝑣 are scalar positive parameters. 𝑟 and
𝑛 are positive parameters. In the actual vehicle dynamics
control, the vehicle velocity can be easily controlled by
achieving the desired longitudinal velocity and yaw angle.
However, the vehicle position error is hard to be controlled for
the on-road vehicle. The control of the lateral and longitudinal
position tracking error requires the control of the longitudinal
and lateral forces. For the in-door robot such as the holonomic
omni-directional robot, the orientation and position can be
controlled independently and consequently the longitudinal
position and lateral position can be perfectly tracked without
interfering with the yaw angle. However, for the autonomous
electric vehicle, the longitudinal force and lateral force will
have strong couple effect on the yaw angle of the vehicle during
the position tracking due to the limitation of the vehicle
mobility. Therefore, in this study, the desired trajectory is only
tracked by the desired vehicle velocity and (9) can be rewritten
as follows by assuming 𝑛 = 2:
𝑈𝑎𝑡𝑡 = 𝛼𝑣 ‖𝑣𝑡𝑎𝑟 (𝑘) − 𝑣(𝑘)‖2 = 𝛼𝑣 (𝑣𝑥 (𝑘) tan 𝜑(𝑘) −
2

𝑣𝑦𝑑−𝑔 (𝑘))

(10)

where 𝑣𝑥 is the longitudinal velocity in the vehicle body-fixed
coordinate system, and this value is transferred into the global
coordinate system as the lateral velocity by multiplying tan 𝜑.
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𝑣𝑦𝑑−𝑔 is the desired vehicle lateral velocity of the central line
of the desired trajectory in the global coordinate system, and
this value is obtained according to the derivative of the lateral
position of the central line of the trajectory. The actual vehicle
longitudinal velocity is assumed to track the desired value
accurately due to the application of the trajectory controller in
Section 4, so it is not included in (10).
In addition, to determine the repulsive potential function of
the road, the road boundary trajectory should be determined at
first. The on-board sensors and camera can obtain the
information of the road boundary ahead of the vehicle [23]. In
addition, the real-time vehicle states (such as longitudinal
velocity, lateral velocity and yaw rate) are assumed to be
known or measurable since a number of studies have proposed
various vehicle state estimation methods [24][25][26]. The
road boundary can be described by the line of the upper
boundary and the line of the lower boundary:
𝑌𝑢𝑏 = 𝑓1 (𝑋)
(11a)
𝑌𝑙𝑏 = 𝑓2 (𝑋)
(11b)
where 𝑋 is the longitudinal position and 𝑌𝑢𝑏 (𝑌𝑙𝑏 ) is the lateral
position of the boundary in the global coordinate system.
This road boundary position function depends on the position.
In order to guarantee the vehicle is moving within the road
boundary, the repulsive potential function is determined by the
distance between the current vehicle lateral position and lateral
positions of the corresponding upper and lower boundary when
their longitudinal positions are same. However, the vehicle
motion equations in Section II are usually described by the
function depending on time in the vehicle body-fixed
coordinate system. Thus, the following equations are used to
transfer the time-dependent vehicle motion equation in the
body-fixed coordinate system into the position-dependent
vehicle motion equation in the global coordinate system:
𝑋(𝑘 + 1) = 𝑋(𝑘) + ∆𝑡(𝑣𝑥 (𝑘)cos 𝜑(𝑘) − 𝑣𝑦 (𝑘) sin 𝜑(𝑘))
(12a)
𝑌(𝑘 + 1) = 𝑌(𝑘) + ∆𝑡(𝑣𝑥 (𝑘) sin 𝜑(𝑘) + 𝑣𝑦 (𝑘) cos 𝜑(𝑘))
(12b)
where 𝑘 presents the number of time step. ∆𝑡 is the length of
each time step and can be presented by the difference between
the time value of the next time step 𝑡(𝑘 + 1) and the current
time step 𝑡(𝑘):
∆𝑡 = 𝑡(𝑘 + 1) − 𝑡(𝑘)
(13)
𝑣𝑥 is the longitudinal velocity in the vehicle body-fixed
coordinate system and 𝑣𝑦 is the lateral velocity in the vehicle
body-fixed coordinate system.
The boundary condition of the vehicle motion can be
presented by the following equation:
𝑌𝑢𝑏 (𝑋(𝑘 + 1)) ≤ 𝑌(𝑘 + 1) ≤ 𝑌𝑙𝑏 (𝑋(𝑘 + 1))
(14)
Thus, the repulsive potential function can be determined
according to the boundary condition (14). When the vehicle
lateral position is between the central line and upper boundary,
the repulsive potential function is as follows:
𝑈𝑟𝑒𝑝 =

𝑏1
(𝑌(𝑘+1)−𝑌𝑢𝑏 (𝑋(𝑘+1)))

2

(15a)
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When the vehicle lateral position is between the central line
and the lower boundary, the repulsive potential function is as
follows:
𝑈𝑟𝑒𝑝 =

𝑏2
(𝑌(𝑘+1)−𝑌𝑙𝑏 (𝑋(𝑘+1)))

2

(15b)

where 𝑏1 , 𝑏2 are the scaling factors.
In addition to the road boundary, vehicle velocity constraints
should be considered. Assume the velocity of the controlled
vehicle is constrained by 𝑣𝑚𝑖𝑛 and 𝑣𝑚𝑎𝑥 , respectively. The
value of 𝑣𝑚𝑖𝑛 is usually zero unless there is a low speed limit in
the highway. The value of 𝑣𝑚𝑎𝑥 is usually constrained by the
high speed limit in the highway.
The optimal control of vehicle motion can be achieved by
choosing the optimal value of desired yaw angle to minimise
the total potential energy function 𝑈. Thus, the cost function of
the optimisation problem can be presented as follows:
𝐽1𝑚𝑖𝑛,𝜑𝑑 ,𝑣𝑥 = 𝑎0 (𝑣𝑥𝑑 − 𝑣𝑥 )2
+ 𝛼𝑣 (𝑣𝑥 tan 𝜑𝑑 (𝑘 + 1) − 𝑣𝑦𝑑−𝑔 (𝑘 + 1))
𝑏1
+
2
(𝑌(𝑘 + 1) − 𝑌𝑢𝑏 (𝑋(𝑘 + 1)))
𝑏2
+
2
(𝑌(𝑘 + 1) − 𝑌𝑙𝑏 (𝑋(𝑘 + 1)))

2

2

+ 𝑐(𝜑𝑑 (𝑘 + 1) − 𝜑𝑑 (𝑘))

(16)
s.t.

𝜋

𝜋

2

2

− ≤ 𝜑𝑑 ≤

(16a)

𝑣𝑚𝑖𝑛 ≤ 𝑣𝑥 ≤ 𝑣𝑚𝑎𝑥
(16b)
where 𝑋(𝑘 + 1) and 𝑌(𝑘 + 1) can be determined by (12). 𝑎0
is the scaling factor related to the term of achieving the desired
longitudinal velocity. This optimisation problem can be solved
by various algorithms. In this paper, the Matlab embedded
function ‘fmincon’ is applied to solve this problem and obtain
the desired yaw angle 𝜑𝑑 . In the next section, the vehicle
dynamics trajectory controller is proposed to track this desired
yaw angle.
IV. VEHICLE TRAJECTORY CONTROLLER
Based on the desired vehicle longitudinal velocity and desired
yaw angle of the trajectory, the autonomous vehicle motion can
be controlled. The vehicle tracking error dynamics equation can
be presented by the following equation based on [12]:
𝑒̃̇𝑦 = 𝑣𝑥 sin(𝜑̃ + 𝜑𝑑 ) + 𝑣𝑦 cos(𝜑̃ + 𝜑𝑑 )
(17a)
𝑣̃𝑥 = [𝑣𝑥 cos(𝜑̃ + 𝜑𝑑 ) − 𝑣𝑦 sin(𝜑̃ + 𝜑𝑑 )] − 𝑣𝑥𝑑
(17b)
𝜑̃ = 𝜑𝑎𝑐𝑡 − 𝜑𝑑
(17c)
where 𝜑𝑎𝑐𝑡 and 𝜑𝑑 are the vehicle’s actual and desired yaw
angles, respectively. 𝑒̃̇𝑦 is the derivative of the lateral position
error in the global coordinate system. 𝑣̃𝑥 is the error between
the vehicle actual longitudinal velocity and the desired value
𝑣𝑥𝑑 tangential to the path in the global coordinate system.
The vehicle trajectory controller includes two parts of: the
feedforward controller and the feedback controller. The
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feedforward force and moment demands are calculated with the
assumption that vehicle follows the desired trajectory:
𝐹𝑡,𝑓𝑒𝑒𝑑𝑓𝑜𝑟𝑤𝑎𝑟𝑑 = 𝑚𝑣̇ 𝑥𝑑
(18a)
𝐹𝑛,𝑓𝑒𝑒𝑑𝑓𝑜𝑟𝑤𝑎𝑟𝑑 = 𝑚𝑣𝑥𝑑 𝜑̇ 𝑑
(18b)
𝑀𝑧,𝑓𝑒𝑒𝑑𝑓𝑜𝑟𝑤𝑎𝑟𝑑 = 𝐼𝑧 𝜑̈ 𝑑
(18c)
where 𝐹𝑡,𝑓𝑒𝑒𝑑𝑓𝑜𝑟𝑤𝑎𝑟𝑑 is the total force demand in the global
coordinate frame tangential to the path in the feedforward
controller. 𝐹𝑛,𝑓𝑒𝑒𝑑𝑓𝑜𝑟𝑤𝑎𝑟𝑑 is the total force demand in the
global coordinate frame norm to the path in the feedforward
controller. 𝑀𝑧,𝑓𝑒𝑒𝑑𝑓𝑜𝑟𝑤𝑎𝑟𝑑 is the total yaw moment required to
achieve the desired vehicle motion in the feedforward
controller. The feedforward controller (18) requires the
perfectly tracking of the desired trajectory, which is unrealistic
in the actual vehicle control.
To compensate the tracking error in the feedforward control,
the feedback controller is proposed. The feedback force and
moment demands are calculated by the following equations:
𝐹𝑡,𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘 = −𝑚𝑒̃̇𝑦 𝜑̇ 𝑑 − 𝐾1 𝑣̃𝑥
(19a)
̇
𝐹𝑛,𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘 = 𝑚𝑣̃𝑥 𝜑̇ 𝑑 − 𝐾2𝑑 𝑒̃𝑦 − 𝐾2𝑝 𝑒̃𝑦
(19b)
𝑀𝑧,𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘 = −𝐾3𝑑 𝜑̃̇ − 𝐾3𝑝 𝜑̃
(19c)
where 𝐾1 , 𝐾2𝑑 , 𝐾2𝑝 , 𝐾3𝑑 , 𝐾3𝑝 are feedback control gains.
𝐹𝑡,𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘 is the total force demand in the global coordinate
frame tangential to the path in the feedback controller.
𝐹𝑛,𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘 is the total force demand in the global coordinate
frame norm to the path in the feedback controller. 𝑀𝑧,𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘
is the total yaw moment required to achieve the desired vehicle
motion in the feedback controller.
When the vehicle is perfectly tracking the desired path, the
total feedforward and feedback force tangential to the path
𝐹𝑡,𝑡𝑜𝑡𝑎𝑙 = 𝐹𝑡,𝑓𝑒𝑒𝑑𝑓𝑜𝑟𝑤𝑎𝑟𝑑 + 𝐹𝑡,𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘 should be equal to the
total longitudinal force of the vehicle 𝐹𝑥,𝑡𝑜𝑡𝑎𝑙 and the total
feedforward and feedback force norm to the path 𝐹𝑛,𝑡𝑜𝑡𝑎𝑙 =
𝐹𝑛,𝑓𝑒𝑒𝑑𝑓𝑜𝑟𝑤𝑎𝑟𝑑 + 𝐹𝑛,𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘 should be equal to the total lateral
force of the vehicle 𝐹𝑦,𝑡𝑜𝑡𝑎𝑙 . When the tracking error is
considered, however, the total demand forces in the global
coordinate frame should be transferred into the vehicle
body-fixed coordinate frame by the following equations:
𝐹𝑥,𝑡𝑜𝑡𝑎𝑙 = 𝐹𝑡,𝑡𝑜𝑡𝑎𝑙 cos 𝜑̃ + 𝐹𝑛,𝑡𝑜𝑡𝑎𝑙 sin 𝜑̃
(20a)
𝐹𝑦,𝑡𝑜𝑡𝑎𝑙 = −𝐹𝑡,𝑡𝑜𝑡𝑎𝑙 sin 𝜑̃ + 𝐹𝑛,𝑡𝑜𝑡𝑎𝑙 cos 𝜑̃
(20b)
𝑀𝑧,𝑡𝑜𝑡𝑎𝑙 = 𝑀𝑧,𝑓𝑒𝑒𝑑𝑓𝑜𝑟𝑑 + 𝑀𝑧,𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘
(20c)
In this section, in order to achieve the trajectory tracking
control, the vehicle position error is described in the global
coordinate frame at first. After that, according to the position
error, the demand total longitudinal force and lateral force
should be transferred from the global coordinate frame into the
vehicle body-fixed coordinate frame. This is because that the
vehicle dynamics control can only be achieved in the
body-fixed coordinate system. In the following section, the
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steering and driving actuators are controlled to achieve the
desired total longitudinal force, the total lateral force and yaw
moment.
V. OPTIMAL ACTUATOR CONTROL ALLOCATION METHOD
In this study, the 4WIS-4WID electric vehicle is used to
achieve the desired trajectory control. This 4WIS-4WID
electric vehicle has the advantage of using redundant control
actuators to achieve better control performance.
In this section, the control targets of the actuator control
allocation method are the desired total longitudinal tyre force,
the desired total lateral tyre force and desired yaw moment
determined in the upper level trajectory controller in the last
section. In addition, the individual allocated tyre forces are
minimised to guarantee each tyre has been used sufficiently.
The cost function of this actuator control allocation problem is
shown as follows:
2
2
2
2
2
2
𝐹𝑡𝑓𝑙
+ 𝐹𝑠𝑓𝑙
𝐹𝑡𝑓𝑟
+ 𝐹𝑠𝑓𝑟
𝐹𝑡𝑟𝑙
+ 𝐹𝑠𝑟𝑙
𝐽2𝑚𝑖𝑛,𝐹𝑡𝑖,𝐹𝑠𝑖 =
+
+
2
2
2
𝜇 2 𝐹𝑧𝑓𝑙
𝜇 2 𝐹𝑧𝑓𝑟
𝜇 2 𝐹𝑧𝑟𝑙
2
2
𝐹𝑡𝑟𝑟 + 𝐹𝑠𝑟𝑟
+
2
𝜇 2 𝐹𝑧𝑟𝑟
(21)
subject to:

6

‘fmincon’ and the detailed analysis of the optimisation
algorithm is beyond the scope of this study.
When the individual tyre forces have been allocated in (21),
the controlled value of individual actuator can be mapped from
the individual tyre force by the following equations:
𝑇𝑖 = 𝐹𝑡𝑖 𝑅𝜔
(22a)
𝛿𝑓𝑙 =
𝛿𝑓𝑟 =
𝛿𝑟𝑙 =
𝛿𝑟𝑟 =

𝐹𝑠𝑓𝑙

𝐶𝛼
𝐹𝑠𝑓𝑟
𝐶𝛼
𝐹𝑠𝑟𝑙
𝐶𝛼
𝐹𝑠𝑟𝑟
𝐶𝛼

+
+
−
−

𝑙𝑓 𝑟

𝑣𝑥
𝑙𝑓 𝑟
𝑣𝑥
𝑙𝑟 𝑟
𝑣𝑥
𝑙𝑟 𝑟
𝑣𝑥

(22b)
(22c)
(22d)
(22e)

The practical limitation of the steering angle is considered
between -90 degrees and 90 degrees (𝛿𝑚𝑎𝑥 = 90), which is
larger than the traditional vehicle [28]. Thus,
−𝛿𝑚𝑎𝑥 ≤ 𝛿𝑖 ≤ 𝛿𝑚𝑎𝑥
(23)
The whole control structure of the proposed potential field
based trajectory tracking controller is shown in Figure 1.

𝐹𝑡𝑓𝑙 cos 𝛿𝑓𝑙 + 𝐹𝑡𝑓𝑟 cos 𝛿𝑓𝑟 + 𝐹𝑡𝑟𝑙 cos 𝛿𝑟𝑙 + 𝐹𝑡𝑟𝑟 cos 𝛿𝑟𝑟 − 𝐹𝑠𝑓𝑙 sin 𝛿𝑓𝑙 −
𝐹𝑠𝑓𝑟 sin 𝛿𝑓𝑟 − 𝐹𝑠𝑟𝑙 sin 𝛿𝑟𝑙 − 𝐹𝑠𝑟𝑟 sin 𝛿𝑟𝑟 = 𝐹𝑥,𝑡𝑜𝑡𝑎𝑙 − 𝐾𝑠1 𝑆𝑎𝑡(𝐹𝑥 − 𝐹𝑥,𝑡𝑜𝑡𝑎𝑙 )
(21a)
𝐹𝑡𝑓𝑙 sin 𝛿𝑓𝑙 + 𝐹𝑡𝑓𝑟 sin 𝛿𝑓𝑟 + 𝐹𝑡𝑟𝑙 sin 𝛿𝑟𝑙 + 𝐹𝑡𝑟𝑟 sin 𝛿𝑟𝑟 + 𝐹𝑠𝑓𝑙 cos 𝛿𝑓𝑙 +
𝐹𝑠𝑓𝑟 cos 𝛿𝑓𝑟 + 𝐹𝑠𝑟𝑙 cos 𝛿𝑟𝑙 + 𝐹𝑠𝑟𝑟 cos 𝛿𝑟𝑟 = 𝐹𝑦,𝑡𝑜𝑡𝑎𝑙 − 𝐾𝑠2 𝑆𝑎𝑡(𝐹𝑦 − 𝐹𝑦,𝑡𝑜𝑡𝑎𝑙 )
(21b)
𝐹𝑡𝑓𝑙 (𝑙𝑓 sin 𝛿𝑓𝑙 + 0.5𝑏𝑓 cos 𝛿𝑓𝑙 ) + 𝐹𝑡𝑓𝑟 (𝑙𝑓 sin 𝛿𝑓𝑟 − 0.5𝑏𝑓 cos 𝛿𝑓𝑟 )
+ 𝐹𝑡𝑟𝑙 (−𝑙𝑟 sin 𝛿𝑟𝑙 + 0.5𝑏𝑟 cos 𝛿𝑟𝑙 )
+ 𝐹𝑡𝑟𝑟 (−𝑙𝑟 sin 𝛿𝑟𝑟 − 0.5𝑏𝑟 cos 𝛿𝑟𝑟 )
+ 𝐹𝑠𝑓𝑙 (𝑙𝑓 cos 𝛿𝑓𝑙 − 0.5𝑏𝑓 sin 𝛿𝑓𝑙 )
+ 𝐹𝑠𝑓𝑟 (𝑙𝑓 cos 𝛿𝑓𝑟 + 0.5𝑏𝑓 sin 𝛿𝑓𝑟 )
+ 𝐹𝑠𝑟𝑙 (−𝑙𝑟 cos 𝛿𝑟𝑙 − 0.5𝑏𝑟 sin 𝛿𝑟𝑙 )
+ 𝐹𝑠𝑟𝑟 (−𝑙𝑟 cos 𝛿𝑟𝑟 + 0.5𝑏𝑟 sin 𝛿𝑟𝑟 )
= 𝑀𝑧,𝑡𝑜𝑡𝑎𝑙 − 𝐾𝑠3 𝑆𝑎𝑡(𝑀𝑧 − 𝑀𝑧,𝑡𝑜𝑡𝑎𝑙 )

(21c)
where 𝐹𝑥 , 𝐹𝑦 are the actual total longitudinal tyre force and
lateral tyre force. 𝑀𝑧 = 𝐼𝑧 𝑟̇ is the actual yaw moment of the
vehicle.
𝐹𝑡𝑖2 + 𝐹𝑠𝑖2 ≤ 𝜇𝐹𝑧𝑖2
(21d)
𝑇𝑏𝑚𝑎𝑥
𝑇𝑑𝑚𝑎𝑥
−
≤ 𝐹𝑡𝑖 ≤
(21e)
𝑅𝜔

𝑅𝜔

The constraints (21a), (21b) and (21c) are applied here to
achieve the desired longitudinal tyre force, lateral tyre force
and yaw moment. To overcome the distribution error due to the
non-linear characteristic of the vehicle dynamics model, the
sliding mode controller (SMC) is proposed in constraints (21a),
(21b) and (21c) to accurately tracking the desired values. The
effect of tyre friction circle is considered in (21d) and the
constraint of the individual wheel driving/braking actuator is
shown in (21e). In this study, an in-wheel brushless DC electric
motor is applied. It has been suggested that the maximum
driving torque 𝑇𝑑𝑚𝑎𝑥 is 100 N.m and the maximum regenerated
brake torque 𝑇𝑏𝑚𝑎𝑥 is 80 N.m [27]. The optimisation problem
(21) can also be solved by the Matlab embedded function

Fig. 1. The whole control structure of the proposed potential field based
trajectory controller.

VI. SIMULATION RESULTS
In this section, four sets of simulations are used to test the
effectiveness of the proposed vehicle trajectory controller. In
the first set of simulations, the road boundary is wide enough
and the boundary constraints can be neglected. The control
targets are the tracking of the road central line and minimising
of the yaw rate to guarantee the smoothness of the trajectory. In
the second set of simulations, the road boundary is much
narrow than the first set of simulations and the boundary
avoiding control is the primary control target. In the third and
fourth set of simulations, the desired vehicle path and road
boundary are changing with the actual traffic condition. The
simulation parameters are shown in Table 1.
TABLE I
PARAMETER VALUES USED IN SIMULATIONS. [20]
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𝑚
𝑙𝑓

Definition

Values
1298.9 kg
1m

𝑏𝑓

Vehicle mass
Distance of c.g. from
the front axle
Distance of c.g. from
the rear axle
Front track width

𝑏𝑟

Rear track width

1.436 m

𝐶𝑠

Longitudinal stiffness
of the tyre
Vehicle moment of
inertial about yaw axle
Wheel radius
Wheel moment of
inertial
Road adhesion
reduction factor
Cornering stiffness of
the tyre

50000 N/unit slip ratio

𝑙𝑟

𝐼𝑧
𝑅𝜔
𝐼𝜔
𝜀𝑟
𝐶𝛼

15
upper boundary
lower boundary
centre line
actual vehicle trajectory

10

1.454 m
5

1.436 m
lateral position(m)

Symbol

7

0

-5

1627 kgm2
-10

0.35 m
2.1 kgm2
-15

0.015 s/m
-20

30000 N/rad

0

50

100

150

200
250
300
longitudinal position(m)

350

400

450

500

Fig. 2. The actual vehicle trajectory when the desired trajectory is strictly
followed in the first set of simulations.
15
upper boundary
centre line
lower boundary
optimised trajectory
actual trajectory

10

vehicle lateral position (m)

5

0

-5

-10

-15

-20

0

50

100

150
200
250
300
350
vehicle longitudinal position (m)

400

450

500

Figure 3. The actual vehicle trajectory when the trajectory of the path is
optimised in the first set of simulations.
20.16
The trajectory is optimised
The desired path is strictly followed

20.14
20.12
Vehicle longituidnal velocity (m/s)

In the first set of simulations, the upper level boundary, road
centre line and lower level boundary of vehicle desired
trajectory are presented in Figure 3. In this simulation, the
vehicle initial velocity is 20 m/s and the tyre-road friction
coefficient is 0.9. It should be noted that the upper and lower
boundaries in the simulation indicate the constraints of the
vehicle C.G. point and the vehicle geometric length is neglected
here.
Figure 2 presents the simulation results when the road centre
line is strictly followed. This means 𝑐 = 𝑏1 = 𝑏2 = 0, 𝑎𝑣 =
100, 𝑎0 = 0 in the optimal control law (16). In Figure 3, the
vehicle trajectory is optimised by the minimising of the position
error and the minimising of the desired yaw rate. This means
that 𝑏1 = 𝑏2 = 0 and 𝑎0 = 0, 𝑎𝑣 = 1, 𝑐 = 80000 in the
optimal control law (16). In Figure 3, the road centre line is
roughly followed by the actual vehicle and the vehicle
trajectory is much smoother than the trajectory in Figure 2.
Figure 4 and Figure 5 compare vehicle longitudinal velocity,
body slip angle responses and yaw rate responses when the
desired trajectory is strictly followed (Figure 2) and when the
vehicle trajectory is optimised (Figure 3). It can be found that if
the centre line of the path is strictly followed, the actual
longitudinal velocity is varying relatively bigger, and the
vehicle body slip and yaw rate oscillate significantly. The
vehicle handling and stability performance would be
significantly impaired and the vehicle is moving in a dangerous
condition. When the actual trajectory is optimised, vehicle
body slip angle is much smaller and the vehicle yaw rate and
longitudinal velocity response are more stable. This proves that
the proposed potential field method can successfully improve
the vehicle handling and stability performance, which are
generally defined in terms of vehicle yaw rate and body slip
angle.

20.1
20.08
20.06
20.04
20.02
20
19.98
0

5

10

15

20

time (s)

Figure 4. The actual vehicle velocity in the first set of simulations.

25
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vehicle in practice) used in the simulation, the constraints of
control actuators and the selection of controller gains. This
control error causes the difference between the actual trajectory
and the optimised one in (16), which can be observed in Figure
6.
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the desired trajectory is strictly followed
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Fig. 6. The actual vehicle trajectory when the trajectory of the path is optimised
in the second set of simulations.

0.2
vehcile yaw rate (rad/s)

150
200
250
vehicle longitudinal position (m)

0
-2
-4
-6
-8
-10

(b)
Figure 5. The actual vehicle responses (a) body slip angle (b) yaw rate in the
first set of simulations.
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Fig. 7. The actual vehicle trajectory when the desired trajectory is strictly
followed in the second set of simulations.
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In the second set of simulations, the vehicle initial velocity
and tyre-road friction coefficient remain unchanged. According
to Figure 6, the desired trajectory and road boundary are more
challenge than the first set of simulation. This path simulates
the situation when the vehicle is trying to avoid the obstacle by
doing the double lane change.
The results in Figure 6 demonstrate the potential field method
can successfully avoid the road boundary in the narrow moving
space by minimising the yaw rate and not strictly following the
road centre line. In this case, 𝑎0 = 0, 𝑎𝑣 = 0.5, 𝑏1 = 𝑏2 =
2000, 𝑐 = 20000 are used in the optimal law (16). This is quite
different from the simple trajectory-following method as shown
in Figure 7. It can be found in Figure 7 that the vehicle hits the
lower boundary after the first turning and this is a serious
problem that the vehicle may have an accident. It is noted that
in the actual implementation of trajectory controller and
actuator controller, there are a number of reasons that may
cause the control error, such as the highly nonlinear vehicle
dynamics model (which is used to represent a more realistic
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Fig. 8. The actual vehicle longitudinal velocity in the second set of simulations.
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a number of simulation tests. According to Table 2, the vehicle
maximum velocity increases when the turning radius increases.
In addition, the boundary optimisation gains ( 𝑏1 , 𝑏2 ) also
increase and play an important role when the turning radius is
small.
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vehcile body slip angle (degree)

9

2

TABLE II
VEHICLE MAXIMUM LONGITUDINAL VELOCITY DURING VEHICLE TURNING
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Figure 9. The actual vehicle responses (a) body slip angle (b) yaw rate in the
second set of simulations.

Figure 8 and Figure 9 compare the actual vehicle longitudinal
velocity, body slip angle responses and yaw rate responses
when the desired path is strictly followed and when the
trajectory is optimised. When the desired path is strictly
followed, the longitudinal velocity decreases rapidly and the
body slip angle and the yaw rate are highly unstable when the
vehicle hits the lower boundary. The main reason for the
instability of the vehicle in Figure 7 is that the only control
target for the strict path-following method is that the desired
yaw angle and longitudinal velocity must strictly follow the
desired path. When the vehicle is turning in a narrow angle, the
large change rate of the yaw angle is required if the desired path
is strictly followed. This large change rate of yaw angle as
shown in Figure 9(b) results in the instability of the vehicle.
When the proposed potential field method is applied to
optimise the vehicle trajectory, the vehicle body slip angle and
yaw rate performance are much improved.
Table 2 summaries the maximum vehicle longitudinal
velocity when the vehicle is turning with certain turning radius
without hitting the road boundary and this value is obtained by

It should be noted that the scaling factor 𝑎0 in the
optimisation problem (16) is assumed as zero in the first two
sets of simulations because the longitudinal velocity is not
required to achieve the certain value and the controller tries to
maintain the initial velocity. In addition, the velocity constraint
(16b) is also neglected here since there are no front and rear
vehicles.
In the third set of the simulations, the impacts of the
surrounding traffic of the controlled autonomous vehicle are
considered. The vehicle initial velocity and tyre-road friction
coefficient remain unchanged. The vehicle is assumed to move
along the desired path with wide boundary as Figure 2 at the
beginning. After 200 meters in the longitudinal direction, the
road boundary is narrower than the boundary at the beginning
due to the effect of the surrounding traffic. In this simulation,
𝑎0 = 0, 𝑎𝑣 = 0.5, 𝑏1 = 𝑏2 = 0, 𝑐 = 20000 are used in the
optimal law (16). In addition, it is assumed that there exists a
vehicle in front of the controlled vehicle and a vehicle behind
the controlled vehicle along the path, which is quite common in
the real situation. The controlled vehicle longitudinal positon in
the body-fixed coordinate system is constrained by the
positions of the front vehicle and rear vehicle on the road to
avoid collision, which is expressed as the following additional
road boundary conditions:
|𝑋1 − 𝑋2 | > 𝑑
(24a)
|𝑋1 − 𝑋3 | > 𝑑
(24b)
where 𝑋1 is the longitudinal position of the controlled vehicle.
𝑋2 and 𝑋3 are the longitudinal positions of the front vehicle and
rear vehicle, respectively. The longitudinal positions of the
front and rear vehicles 𝑋2 , 𝑋3 can be calculated as:
𝑋2 = 𝑋20 + 𝑣2 𝑡
(25a)
𝑋3 = 𝑋30 + 𝑣3 𝑡
(25b)
where 𝑋20 and 𝑋30 are the initial longitudinal positions of the
front and rear vehicles, respectively. 𝑣2 and 𝑣3 are the
longitudinal velocities of the front and rear vehicles, which are
assumed as the constant values. 𝑑 is a certain safety distance.
Generally, a larger safety distance indicates that the controlled
autonomous vehicle can have wider moving corridor. With a
wider moving corridor, a more smooth vehicle trajectory can be
optimised by the proposed potential field method and
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Figure 11. Vehicle longitudinal position in the body-fixed coordinate system
when the surrounding traffic is considered in the third set of simulations.
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consequently the stability of the controller can be further
improved.
Figure 10 suggests that the vehicle is controlled within the
road boundary. Figure 11 shows that the longitudinal position
of the controlled vehicle is between the longitudinal positions
of front vehicle and rear vehicle with certain distance along the
road. The above simulation results prove that the controlled
vehicle can satisfy all the boundary constraints and velocity
constraints and the desired trajectory is successfully achieved.
Figure 12 suggests that the vehicle yaw rate and body slip angle
change abruptly during the turning.
In the fourth set of simulations, the proposed potential field
controller is applied in the actual traffic condition of overtaking
and lane change. The tyre-road friction coefficient is assumed
to be unchanged. At the beginning, the controlled vehicle is
assumed to move on the bottom lane of the highway with the
longitudinal velocity of 18 m/s, while another vehicle is
moving on the top lane of the highway with velocity of 20 m/s.
In order to overtake the vehicle in the top lane at 5 seconds, the
controlled vehicle should turn on the left-turning signal, and
then start to increase the speed into 20 m/s and make the lane
change. At the same time of 5 seconds, when the driver of the
top lane vehicle notices the left-turning signal of overtaking
vehicle, he may push the brake pedal and decrease the vehicle
velocity for safety reason. Figure 13 presents the changed
longitudinal velocity of the overtaken vehicle and overtaking
vehicle. Figure 14 shows the path boundary of the overtaking
vehicle and this boundary is determined by the position of the
overtaken vehicle and boundary of top lane and bottom lane.
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Figure 10. Vehicle actual trajectory when the surrounding traffic is
considered in the third set of simulations.
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Figure 12. The actual vehicle responses (a) body slip angle (b) yaw rate in the
third set of simulations.

The upper and lower boundaries (blue line and red line in
Figure 14) are actually changed with the relative longitudinal
position between the overtaking vehicle and overtaken vehicle.
If the longitudinal position of the controlled overtaking vehicle
is behind the overtaken vehicle, the overtaking vehicle is
constrained within the bottom lane. If the longitudinal position
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Figure 14. Vehicle actual trajectory of the controlled overtaking vehicle when
the path is optimised in the fourth set of simulations
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of the overtaking vehicle is in front of the overtaken vehicle
with a certain safety distance 𝑑, the overtaking vehicle starts to
make a lane change with the following boundary condition:
𝑋1 > 𝑋2 + 𝑑
(25)
where 𝑋1 and 𝑋2 are the longitudinal positions of the controlled
overtaking vehicle and overtaken vehicle, respectively. It
should be noted that the safety distance 𝑑 is changing with
vehicle velocity in reality. In this study, however, this value is
assumed as constant due to the velocity is not changed
significantly.
According to Figure 14, the actual vehicle trajectory is
roughly constrained by the road boundary and this proves that
the proposed controller can successfully control the vehicle
motion in the actual traffic condition of overtaking. In this case,
𝑎0 = 2, 𝑎𝑣 = 0.5, 𝑏1 = 𝑏2 = 2000, 𝑐 = 20000 are used in the
optimal law (16). Figure 15 also suggests that the vehicle yaw
rate and body slip angle change abruptly during the overtaking.
It is noted the actual vehicle trajectory when the desired path
is strictly followed would hit the road boundary in the third and
fourth set of simulations and is not presented here.
According to the four sets of simulations, the major
limitations of the potential field method is the requirement of
the manually tuning of the optimisation scaling factors in
different scenarios, which is possibly time-consuming. In
addition, the proposed method cannot handle too extreme
situations, such as turning abruptly with very fast speed.
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The potential field method is widely applied in the trajectory
control of the mobile robotic. This study extends the potential
field method into a more challenge research area – the
trajectory control of the autonomous on-road vehicle that has
less mobility and higher velocity compared with the mobile
robot. An innovative potential field function that includes the
attractive potential, the repulsive potential and the potential that
minimises yaw angle change rate is proposed in this study to
determine the desired yaw angle. Then according to the desired
yaw angle and longitudinal velocity, the two-level vehicle
trajectory controller is proposed to control the actual vehicle
trajectory. The simulation results verified the suggested
controller and the major findings are listed below:
1) Compared with the method that exactly tracks the road
centre line, the proposed potential field method that constrains
the actual vehicle trajectory in a certain road boundary has
better handling and stability performance.
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2) In the narrow road boundary condition, the vehicle
controlled by proposed potential field method can successfully
avoid the upper and lower boundaries.
3) When the road boundary is changed in real-time due to the
actual traffic condition or when the controlled vehicle tries to
make the lane change and overtake other vehicles, the proposed
method can still successfully control the vehicle.
This study only suggests some useful findings of the
application of the potential field method to the autonomous
vehicle control. In the future, the more advanced controller
should be proposed to deal with more complex autonomous
control problem in the macro view, such as the vehicle control
in the intersection.
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